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Rotor Blade Harmonic Air Loading

R. H. MrLer*
Massachuselts Institute of Technology, Cambridge, M ass.

The determination of the air loads acting on rotor blades in forward flight presents an inter-
esting and challenging problem in applied aerodynamics. Of particular importance for de-
sign purposes are the oscillatory components of this loading occurring at harmonics of the
rotor speed. Unlike a wing, the trailing and shed vortex system of the blade generates a spiral
wake that returns close to the blade. Because of its close proximity to the blade, the
wake cannot be considered asrigid. Also, since theresulting loads are highly time-dependent,
unsteady aerodynamic effects become important. An analytical treatment for the
limiting case of hovering flight results in a simple closed-form solution that demon-
strates that the oscillatory lift under normal operating conditions can be less than
50% of its quasi-static value. It is shown that the air loads in forward flight depend
primarily on the equivalent lift deficiency and the downwash generated by the steady-state
blade vortex system. It is also shown that, at low speeds, the rotor wake can be drawn up
into the rotor leading edge and that this is probably the primary cause of transition

roughness and noise encountered under certain flight conditions.

Nomenclature

An = coefficients of chordwise vorticity distribution

Anei® = coefficient of cosine component of kth harmonic
of circulation or downwash at station I due to
a cosne variation of shed wake vortex strength

B.* = same, except sine component due to a sinng input

P,.* Qun® = same, except due to trailing wake

C(k,m,h),

C(k),C = lift deficiency function

Cn = ki,

Cr = thrust coefficient = T /xpQ2R*

F(¢) = integrand for far shed wake

I, I, = integrals defining blade circulation due to near
shed wake

I/, Is = integrals defining blade lift due to near shed wake

L = lift

LN = blade Lock number (inertia parameter)

Q = number of blades

R = rotor radius

Sa = kI,

T = rotor thrust

14 = forward velocity

a = distance between center of twist and center of
airfoil, positive aft

an = blade flapping angle (cosine component)

b = blade semichord

b, = blade flapping angle (sine component)

d = horizontal distance traveled by rotor hub

(o) = integrand for trailing wake

9(o) = integrand for shed wake after integration over [

h = wake spacing

h* = bh

) = angle between rotor disk and relative wind, posi-
tive nose up

k = nb/nR = wb/QRy = reduced frequency

l = rotor span parameter

m = number of wake spirals (also used for frequency
ratio in two-dimensional solution)

harmonic of rotor speed (also used for wake iden-
tification in two-dimensional solution)
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u = velocity at airfoil due to airfoil motion
v = induced velocity due to blade-distributed vorticity
w = induced velocity at blade due to wake
z = distance along blade chord, nondimensionalized with re-
spect to B unless starred
z = vertical distance traveled by rotor hub
I' = vorticity or circulation
Q = rotational speed
a = angle of attack
ap = blade tip angle of attack
B = blade flapping angle = a; —
Z an cosny + b, sinny
n=1
v = element of distributed vorticity
v» = nondimensional form of blade circulation = T,/2zbQR
v» = coeflicient of series for blade spanwise circulation
¢ = blade spacing
n = rotor span parameter; also chordwise distance in Appen-
dix
A = inflow normal to rotor disk
x = distance from reference point on blade to trailing edge
¢ = advanceratio = V cosi/QR
¢ = distance to element of vorticity in wake
£ = b&
o = density of air
¢ = rotor solidity
¢ = azimuth of wake measured from downwind position; also
used for velocity potential in Appendix
¥ = rotor azimuth measured from blade downwind position
Subscripts
g = quasi-static
N = near
F = far
nc = cosine n input
ns = sine n input
Superscripts
8 = shed
T = trailing

Introduction

HE rapid increase in VTOL technology has brought with
it the realization that many of the basic approximations
inherent in classical aerodynamic wing theory, such as the
concepts of a wake remaining in the plane of the airfoil, of
induced velocities small compared to forward velocities,
possibly even the concept of a “rigid” wake and the neglect
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of vortex-vortex interaction, must all be re-examined when

“the vertical velocity that generates lift is large compared
to the forward flight velocity, as happens in the case of a
lifting jet immersed in a wing or for a helicopter rotor in
low-speed forward flight.

A particularly interesting example is the determination of
the air loads acting on a rotor blade in forward flight. The
oscillatory air loads occurring at harmonics of the rotor speed
are the primary source of the blade stresses that establish
the fatigue lift of the structure and of the periodic hub loads
that determine the fuselage vibration level. The simple
theory of rotor blade loading in forward flight in which a
uniform or triangular inflow distribution is assuméd indi-
cates that these loadings will decrease as u®, where u is the
advance ratio and n indicates the nth harmonic of loading.
This does not fit the observed facts, since harmonics as high
as the fifth or sixth are known to produce appreciable blade
stresses and vibratory shaft loads at advance ratios of the
order of x = 0.1 or 0.2, where the simplified theory would
indicate such loadings to be negligible (see, for example,
Ref. 2). The higher harmonic components of the air loading
must, therefore, arise primarily from a nonuniform downwash
at the rotor disk generated by the rotor wake. Their analyti-
cal determination requires some means of computing this
downwash which takes into account both the spiral wake
geometry, its effects on the individual blades, and the un-
steady aerodynamic effects associated with the blade passage
through this variable velocity field, which Ref. 1 has shown
to be of primary importance in the presence of a returning
wake.

This, however, is only part of the problem since, once
the aerodynamic excitation is established, the response of
the blade to the excitation must be determined, and this,
in turn, introduces a complicated aeroelastic problem in
which the blade flexibility must be considered as well as the
effects of the powerful pitch flap coupling that occurs when
the rotor blade bends out of the plane of the feathering axis.
It is shown in Ref. 3 that this type of coupling is of consider-
able importance and could, in turn, appreciably modify
the excitation. Consequently, an exact solution requires that
the problem be solved as a whole rather than separately for
the aerodynamic input and then for the dynamic response.
However, certainly the first step is the definition of the air
loading, since this is the primary forcing function.

The time-averaged velocities induced by the rotor wake in
forward flight have been computed in Refs. 4-9 using the
assumption of an infinite number of blades and a prescribed
loading on the disk. In Ref. 10 the semi-infinite vortex
cylinder was replaced by segments of infinite straight trail-
ing wakes oriented below the rotor, and the techniques de-
veloped in the quasi-static lifting-line theory for fixed wings
were used to compute the loading. The local downwash
induced by a finite trailing wake of spiral form and constant
strength was analyzed in Ref. 11, where it was shown that
a highly time-dependent interference velocity is generated
as the blade passes over the returning wake.

In Ref. 1, it was shown that the lift deficiency function of
classical two-dimensional nonstationary flow theory, which
accounts for the reduction in lift and phase shifts due to the
shed wake, could approach very small values at integers of
rotor speed when the effects of the returning shed wake were
taken into consideration. Similar analyses are contained
in Refs. 12 and 13.  All of these analyses are limited to two-
dimensional models and hovering flight. An extension to
the three-dimensional case of a hovering rotor is contained
in Ref. 14. The results of this analysis confirm experience
with similar high-aspect-ratio fixed-wing solutions in which
the two-dimensional model is found to be generally adequate
for the prediction of the lift deficiency fumctions. A valu-
able contribution of Ref. 14 lies in its development of the
concept of the rotor as operating in a straight “sheared”
flow representing velocity variations along the blade span, a
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Fig. 1 Flutter boundaries in hovering showing com-
parison between unsteady aerodynamic and gquasi-statie
theory.

concept that is particularly useful in the development of
the theory of this paper.

In Ref. 3 the theory of Ref. 1 was applied to the caleulation
of blade stability. Figure 1, taken from Ref. 15, shows that
neglect of the effects of the returning wake in such calcula-
tions is conservative since the exciting forces, as well as the
damping forces, are reduced by wake interference effects.
Experimental verification of these effects was obtained in the
tests reported in Ref. 16. When an attempt was made to
excite the blade aerodynamically by harmonic pitch vari-
ation, no appreciable effects of the returning wake were
noticed; however, with mechanical excitation of the rotor
hub, a pronounced reduction in damping was evidenced by
the large increase in blade response at harmonies of the rotor
speed. Thisisshown in Fig. 2.

It is therefore clear that any attempt to predict the blade
harmonic loading must treat the unsteady aerodynamic
effects with some care. Furthermore, since a simple uni-
form wake theory cannot predict the observed order of magni-
tude of these loads, the mechanism of their generation must
come from the harmonic content of the interference velocities
generated at the rotor disk by the rotor wake. A three-
dimensional model using finite number of blades is required
if the harmonic content of this downwash is to be predicted
with any degree of accuracy.

It is the purpose of this paper to present a solution to the
problem of determining rotor blade harmonic loading which
includes both the unsteady aerodynamic effects and the actual
three-dimensional wake geometry. The problem is first
formulated for the complete case of the three-dimensional
rotor with a finite number of blades in forward flight. A
method of solutions is then proposed which involves con-
sidering the spiral wake in two sections, the “near wake” in ;
the immediate vicinity of the blade and the ‘“far wake” con- '
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taining all of the remaining wake. The air loads on the
blade generated by the near wake are treated using lifting-
surface theories, whereas the far wake is treated using the
lifting-line approximation. This suggested treatment is then
evaluated by comparing the exact solutions given for the two-
dimensional model in Ref. 1 with a similar solution using
lifting-line theory for the equivalent far wake.

Analytical solutions are then obtained  for the three-
dimensional rotor in vertical flight. This results in a simple
solution for the lift deficiency function and provides a useful
check on the numerical solutions obtained using the complete
theory.

Finally, the relationships required for the solution of the
complete problem of the air loads on a three-dimensional
rotor in forward flight are developed and used to examine
various conditions representative of low-speed transition and
cruise flight.

Formulation of Problem

For ease in representing the rotor blade and wake geometry,
the blade will be assumed to consist of a sheet of distributed
vorticity and the boundary conditions satisfied for the vari-
ous vortex pairs consisting of the elements of wake vorticity
and corresponding blade circulation. The distribution of
strength along the trailing and shed vortex lines in the wake
will be determined by the time variations in strength of the
bound vortex from which they spring. The final lift and
circulation on the blade section are obtained by summing the
effects of all elements of vorticity.

The background development of the unsteady aerodynamic
theory for wings is well covered in the literature, for example,
Refs. 17-20. A brief derivation using the approach de-
veloped in this paper for the rotor is presented for the classical
two-dimensional airfoil case in the Appendix, since it has been
found convenient to modify slightly the familiar treatments
when considering the three-dimensional rotor.

If the chordwise vorticity is represented by the series

7} had A
v(x) = Ag tan 5 + n§1 A, sinnf

where b cosf = zR and b = hali-chord, then the flow normal
to the blade at a chordwise station z due to the total chord-
wise vorticity is

A @
v(z) = ~2£ + > An cosné ey
= 2
n=1
and it is desired to satisfy the boundary conditions on the air-

foil surface given by
v(z) + u(@) + wx) =0 @)

where w(x) is the velocity at the airfoil induced by the wake,
and u(zx) represents the velocity normal to the airfoil due
to the angle of incidence and blade motion.

The blade is assumed to be rigid chordwise. Following the
law of constancy of circulation, any change in circulation on
the airfoil dI', must leave a counter vortex yd¢ shed in the
wake such that

ydé = —dI . (3)

The three-dimensional circulatory system of the wake and
airfoil is completed by trailing vortex lines generated by
changes in circulation along the blade span (see Fig. 3) and
the corresponding bound vortex on the blade. Certain
statements must now be made as to the nature of the wake
vorticity.

First the concept of a “semirigid’” wake will be introduced,
i.e., every element of vorticity will be assumed to retain the
instantaneous vertical velocity imparted to it at the moment
it was shed or trailed. This establishes a spiral wake de-

ATAA JOURNAL

scending at every spanwise station with a constant velocity
in time but permits different vertical velocities azimuthwise.
The spiral sheet representing the wake thus continuously
changes shape as it descends. Other than in establishing
the instantaneous wake location, the effects of this wake
velocity will be neglected (see Appendix). The effect of
the wake on its own velocity will also be neglected. Changes
in the mean velocity that establishes the spiral spacing as
the wake descends are thus ignored as well as the tendency
for vortex-vortex interaction of the individual spirals.
Since the induced velocity at the rotor plane is determined
primarily by the first few spirals, this assumption is believed
to be valid. Furthermore, it is most probable that the vortex
sheets will roll up and form two individual vortex lines in the
fully developed wake as in the case of fixed-wing aircraft,
particularly since a variable downward velocity decreasing
toward the center of the rotor implies an eventual crossing
and almost certain intermingling of the vortex sheets in
the wake. Further refinement of the mathematical model
does not, therefore, appear to be warranted at the present
time.

Secondly, the assumption, inherent in all fixed-wing
analyses, of a vortex strength constant in time will be made,
that is, viscous effects will be ignored. Although this as-
sumption is less satisfying for the case of the returning spiral
wake of the relatively lightly loaded rotor than in the case of
a wing in which the wake extends rearward to infinity or for
a highly loaded propeller, it is consistent with the previous
assumption and justifiable on the same basis.

Finally, the effect of wake-induced velocities in the plane
of the blade will be ignored.

The basic relationship required to compute the downwash
at the rotor disk for a three-dimensional rotor operating at
an advance rotor u will now be developed. The downwash
generated by an element ds of a trailing vortex line with
strength T' at a distance 4 from the element is, in vector
notation,

dg = (Tds X A)/4ma’

It will be assumed that the element of vorticity has been
generated from the trailing edge of the blade at a spanwise
station [ from the center of rotation when the blade was at
azimuth angle ¢. The vertical component of downwash
dw; which this element induces at another spanwise station
7 and chordwise station z of the blade when the blade has
rotated to an azimuth angle ¢ is

duwy = L % ds, A, — ds; A,
4nR 7 (A2 + 4.2 + A,2)32
= f(¢)de 4
where
ds; = ude cosg ds, = pd¢ sing + lde
and

Ay =14 dcosp — ngcos(¢y — @) — zsin(¢ — ¢)

Ay = x + dsing + g sin(y — ¢) — x cos(y — @)

A3 = —Z

All distances are nondimensional in terms of blade radius

R. =z is a chordwise distance measured from a reference point
on the blade, for example, the quarter-chord point, and x
is the distance from this point to the origin of the trailing
vortex line. d is the distance traveled by the rotor hub
during the time ¢ = (Y — @)/, and 2 is the vertical distance
of the element of vorticity below the blade. If m is the
number of wake spirals to be used, then

d=[Qmm+¢) — ¢+ {lu
z = [@Qmm 4+ ¢¥) — ¢ + CIN+ 20(n) — 2()

where 2, is the steady-state displacement of the blade out
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of the tip path plane and { is the spacing between the blade
generating the vorticity and the blade at which the down-
wash is to be computed. For a rigid blade, z,(n) — z() =
ao(n — D).

If a rigid wake is assumed, A is the mean inflow through the
rotor determined from the known thrust and rotor attitude.
If nonrigid wake concepts are to be used, then A is repre-
sented by the series

A=A+ D Anccosng + A, sinng (5)

n=1

The coefficients A, may be approximated, at advance ratios
below 1 = 0.1, by the various harmonies of inflow at the rotor
disk obtained from a first iteration using initially uniform
inflow. This is equivalent to assuming that each element of
vorticity retains the velocity imparted to it at the rotor disk
at the instant it left the blade. More accurately, the coeffi-
cients A, may be established by using a mean value of inflow
experienced by each element in one revolution as it travels
rearward under the rotor.

The total downwash due to a single trailing vortex is ob-
tained by integrating Eq. (4) up the wake for each blade.
This determines the downwash in terms of the strength I
of a trailing vortex filament in the wake generated by the
change in bound circulation along the blade. In the quasi-
static solution, this change may be assumed to occur in #
(usually five) increments along the blade and a vortex fila-
ment trailed between each increment of strength equal to
the change in bound circulation between two adjacent incre-
ments. The downwash at the midpoint of each increment
can then be expressed in terms of the wake vortex strengths.
The bound vortex strength is, in turn, expressed in terms of
the downwash and the blade pitch angle. The n resulting
simultaneous equations may then be solved for the downwash
and loading.

The downwash due to the shed vortex system is

1 dI’ Aodl
W= = ek g M e+ 42 & Awen
= F(¢)d¢ (6)

This expression should be integrated with respect to [
over each finite interval of the blade before integrating with
respect to ¢ [see Eq. (11)].

Analytical solution of the problem would now require
the integration of Eqs. (4) and (6) both with respect to ¢ over
the wake and with respect to « across the chord in order to
obtain the Fourier coeflicients of the chordwise vorticity dis-
tribution appearing in Eq. (1). These steps are carried out
in the Appendix for the simple two-dimensional case in order
to clarify the subsequent treatment employed in the solution
of the more complicated rotor problem. Evidently, for the
rotor in three-dimensions, direct solution of this type is
not possible because of the obvious difficulty in solving the
resulting integral equation in closed form.

Method of Solution

A combined analytical and numerical procedure will be
used to obtain the desired solutions. The rotor wake will be
divided up into a ‘“near’” wake and a ‘“far’’ wake, the near
wake including that portion attached to the blade and ex-
tending approximately one-quarter quadrant from the blade
trailing edge.

The chordwise variations in the velocity w induced at the
airfoil by the far wake will be neglected. This is equivalent
to using lifting-line theory when computing the effects of the
far wake on the airfoil bound circulation and lift. If f(¢)
and F(¢) of Egs. (4) and (6) are independent of z, then the
Fourier coefficients of blade chordwise vorticity are zero
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except for A, whose value for a uniform wake induced
downwash w along the blade chord is, from (A5) in the Ap-

pendix, 4y = —2w. The bound circulation induced on the
blade by w is, therefore, from (Al1),
T, = —2xbw @

and the corresponding lift is, from (A10),
L = —2wpbwV = oI,V (8)

The lifting-line approximation will also be used for the
near trailing wake, an approximation that is clearly justified
for the high “aspect ratios” of rotors and rotor/propellers.
The near shed wake will be treated using analytical tech-
niques and lifting surface theory. In order to examine the
validity of this approach, the two-dimensional treatment
of the rotor of Ref. 1 will be rederived using a similar treat-
ment of the near and far wake.

Evaluation of Far Wake Lifting-Line Approach
for Two-Dimensional Case

In Ref. 1, the effect of the returning wake is determined
using a two-dimensional model for the three-dimensional
rotor. The far wake is replaced by rows of distributed shed
vorticity extending to £ = =4 o below the rotor (Fig. 3) at
distances z = nh from the rotor plane in which the near wake
is contained. The near wake extends from the trailing edge
£ = 1 to infinity. All distances are nondimensionalized
in terms of the blade semichord b.

The velocity induced by an element of vorticity y'd¢ in
the far wake will now be averaged over the blade chord
[Eq. (7)], use made of the results derived in the Appendix
for the element of vorticity ydf in the near wake, and the
integrations performed over both portions of the wake
separately. This results in an expression for blade circula-
tion

© £4+1
o S @
S +ow £ ) l’}
o [ ety

where L, is the quasi-static lift, that is, the lift generated in
the absence of wake effects. It is shown in the Appendix
that the lift may be written in terms of the coefficients of
Eq. (1) as

dL = bpm{3(0/01) (4o — 342)b + V(4o + 340}

1:] vdé +
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Fig. 4 Comparison between exact and approximate two-
dimensional theory.

and again, if the velocity induced over the blade by the far
wake is constant over the chord and 0¢/0t = 0, as discussed
in the Appendix for the lifting-line approximation, then, after
substitution for the coefficients and integration over near
and far wake,

vd§
L= [° et

oVb Z f_m W y'dé + Ly — pmib?

The last term represents the apparent mass or impulsive
force. Identifying the shed vorticity with the position of
the blade at the time of its shedding, ¢ — Af, and assuming
a harmonic variation, y(f) = ye',

v — A1) = voexplinlt—(b/QR)(E—1)1}

vt~ A) = yoexpiwlt— (b/QR)(E—1) — (2mn/Q) ]}

and with yd&* = —(dT'/dHdt [from Eq. (3)], the lift defi-
ciency function is obtained after manipulations identical to
those outlined in the Appendix as
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comes appreciable. Since the % of interest in rotors is
usually above one, this difference does not introduce serious
error.,

The relative unimportance of the phase shift in determining
the magnitude of harmonic loading suggests a further simpli-
fication in which the rows of distributed vorticity are re-
placed by a continuous vortex sheet, an assumption that has
a close parallel in the classical vortex theory of the propeller.
When the frequency of oscillation w is now restricted to har-
monics of the rotational speed, the vortex strength at any
horizontal distance £ from the airfoil will be the same at all
values of z, where z is the vertical distance below the rotor and
now replaces nh. The induced velocity at the airfoil due
to an element of vorticity in the wake is

__ LU E~z
=55 [22+($~w)2

An infinite spiral sheet implies an infinite number of blades,
in which case x — 0 in the foregoing expression. For har-
monic loadings, the blade circulation I, will be of the form

Pb = I‘nei"m SN =

] v(¢,2)dE*

Yn eith

and the element of vorticity in the wake, y(£:2), may be
identified with the circulation at the time of shedding at
time ¢ — At. For any spiral at distance z below the rotor,
and using Eq. (38),

(& 2)dE* = v(HdE* = —(d/dt)(d]'/dz)dzdt
Also,
dg*/dt = QR — QR
whence
Val8) = — (in/R)(dT,/dz)e— "/ By

For the ‘“rigid” wake, the spacing between vortex rows h
is given by

Qhb/2TR = Ny or h = 2aRN\/Qb
where @ is the number of blades. Therefore, in the limit
dU/dz = (Qb/2xRX)T e

Integrating the effect of the entire wake results in an ex-

@ é s
fl FEopme

Clkmh) =

B b

where m = «w/Q and k& = «wb/QR. The integrals may be
evaluated asin Refs. 1 and 17, whence

J — 1Y,
Jy— 1Y, + Yo + iy + [/ (erke¥itm — 1)]

Since the intermediate steps in the foregoing derivation follow
the methods of Ref. 1 and the Appendix, only the essential
derivations have been included in the preceding very brief
outline. The nomenclature is the same as that of Ref. 1, and
consequently care should be taken to avoid confusion of the
n and m used here (in Ref. 1, n defines the nth wake bhelow
the rotor and m = w/Q) with the n and m used elsewhere
in this paper, which define the harmonic of rotational speed
and the mth wake spiral. For the conditions of harmonic
loading, to which the analyses of this paper are confined,
m = w/Q is always an integer; therefore, e2™m = 1,

In Fig. 4, a comparison of the exact solution of Ref. 1 with
the approximate solution just given is made for the range of
reduced frequencies of interest in the present analysis. The
real portion of F(k), which establishes the reduction in slope
of the lift curve, is closely approximated. At the lower
values of %, the error in phase shift, represented by G(k), be-

C(k,mh) =

e ® E+1 e— " —2xim t e E
Jo e e g e [T e

—ikE df

pression for the mean velocity at the airfoil:

nT emﬂtQ 4w embi/R y
= T4xRN, f f o 2y 05k

The integrals may be evaluated with the help of formula 12,
Table 103, Ref. 27, giving the result

= (Q/4mNR)T petnt

This is the instantaneous downwash at the blade. Since
the airfoil dimension in the x plane has not been considered,
the instantaneous lift will be determined only by the quasi-
static lift and this induced velocity. Assuming a blade pitch
variation of the form 8 = 6,6, the instantaneous circula-
tion is

w
T, = 2nQRb [0n QR:‘

_ 27QRbS,
T 1 4+ Qb/20R

Following the usual definition, the blade solidity o is given
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by ¢ = 2Qb/wR. Since the quasi-static circulation is I'; =
2rQRbY,, and the lift, when average downwash velocities
over the blade are used, is [Eq. (8)] L = pVT%, it follows
that the lift deficiency function now takes the form

1
1 4 (ow/4N)

and is independent of the frequency.

At the lower reduced frequencies, it gives an excellent ap-
proximation to the more exact solution, although, by the
nature of the analysis, the phase shift cannot be predicted by
this method.

An alternate form of the expression € in terms of the wake
spacing A is

C =

1
1+ (a/h)

and this form has been used to obtain Fig. 5, which shows a
comparison with the exact values, replotted from Fig. 4. In
view of the excellent agreement between the exact and ap-
proximate two-dimensional solutions, it is of interest to
attempt a similar analytical solution for the three-dimensional
case in vertical flight.

C =

Three-Dimensional Solutions for Vertical Flight

Rotor vortex theory is generally developed on the basis of
uniform downwash. This condition is satisfied if the blade
has constant circulation along the span, and this, in turn,
is satisfled only for the case of ideal twist or taper, that is,
varying inversely as the radius. In practice such a condi-
tion is closely approximated by the usual linear twist dis-
tribution, since the contributions of the blade sections in the
region close to the blade root where the ideal twist is clearly
not satisfied are small.

Constant circulation implies a tip and center vortex only,
with the tip vortex alone contributing to downwash. For
this specialized condition, Eq. (4) becomes, for hovering or
vertical flight,

B [1 — ncos(yy — ¢)}de
47R [1 -+ 92 + 22 — 2y cos(y — ¢)]¥?

dw1 =

The next step involves replacing the spiral of trailing vorticity
T by a vortex cylinder, which implies an infinite number of
blades. The distribution of vorticity along the 2 axis as
developed in the previous section is then

dl'/dz = TQ/2mh

All distances are nondimensionalized in terms of the blade
radius E. v

The downwash velocity may now be obtained by integra-
tion over the complete wake as

SR
m=gmiJo Jo 1 X

[1 — ncos(y — ¢)]
[T+ 9%+ 22 — 2y cos(y — ) ]**

[1 — gecos(y — ¢)]
[T 4+ 72— 2ncos(¢ — )]

dodz

_ @ pon
= SriNE fo r ¢

[0 4 neosty — ) +

7% cos2(y — ¢) + ... ld¢ <1

Considering first the simple case of constant thrust, and hence
T constant, this results in

= T'Q/4m R

8 2}\0R
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Since A¢ = w/QR in hovering flight,
T' = 477 2QR%/Q
The total rotor thrust is

independent of 7.

T = QR fo ' oQnTdy = 2pmR2-Q2R2- A2

or, with the definition Cr = T/pwR*Q*R?,
Ao = (Cr/2)V2

as in actuator disk theory.
Considering next the case when T' varies harmonically
with azimuth such that

T, = T, sinng + T, cosne
then

[PY
87T2>\0R

I'.Q
8w\

wy, = wn sinny - TN cosnyY

The downwash thus has the same periodicity as the circu-
lation change, and the spanwise distributions are increasingly
concentrated at the tip as the order of the harmonie increases,
a result somewhat similar to that obtained in Ref. 5. How-
ever, a complete solution requires the introduction of the
contributions of the shed vorticity. From Eq. (6) specialized
for hovering, the total downwash due to the shed vorticity is

27 1d dr 1
f f j:) dz dd) 47rR X
nsin(y — @)
[9% + 124 22 — 29l cos(¢ — @) ]2

The order of integration may be interchanged, since the
singularities are retained in either process. After integrating
with respect to z and expanding in a sine series,

87r2)\0R f %ﬁ)n Tg 16

[5 sin(¢ — ¢) + 7 sin2(f — é) + . . ] dl +

27 1d1‘
SWZKoRf .ﬁ, i % %

[ sin(y — ¢) + & B SIH?(‘P —¢) +. ]

dldz

We =

which reduces, after substituting I' = T',, sinng + T\, cosng
and integrating over ¢ and [, to

Q

SR [The(2 — 97 sinnyg + Tuo(2 — ™7 cosny]

Wy =

Summing the downwash due to the trailing and shed vor-
ticity leads to the interesting result
= (Q/47N\oR) [Ts sinnyy + Ty cosny]

This is the same result as was obtained in the previous section

10 ——— THEORY OF REF. |
——— USING INFINITE VORTEX
. SHEET BELOW ROTOR PLANE
= FOR ENTIRE WAKE
F(k).5 |—
k=1
k=.5
0 i
¢} 5 io
h ——=

Fig. 5 Effect of assuming an infinite number of blades in
two-dimensional solution.
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for the two-dimensional case and, in a similar manner, re-
sultsin a lift deficiency function

= 1/[1 + (om/4X0)]

A more general solution may be obtained for the case where
the circulation on the blade is expressed as a power series:

To() = 20bQR S .l
r=0

Solutions to this case may be more readily obtained if the
periodicity of the circulation is expressed in complex form
T = T.e™®, Furthermore, it will be assumed that the mean
downwash through the rotor is initially uniform over the
disk.

The trailing vortex system will now consist of the tip vor-
tex, whose value is

T(1) = 27bQR 3. 7»
r=0

and a sheet of trailing vorticity due to the change in circula-
tion —dI's/dl along the span. The downwash due to this
sheet of vorticity is given by Eq. (4) specialized for the hover-
ing case. The total downwash is obtained by integration
over the complete wake:

27 d dP
" 4R f f f dl dz
[l — neos(y — P
[12 4+ 22 + 9% — 29l cos(¢¥ — ¢)]¥/2

which, after integration with respect to z, results in

f f ed dl'l
47rR dl dz n
W —eosh = D)
[A/m* 41 — 2(l/1) cos(¢ — ¢)]
f f% d dr [1 — n/lcos(¥ — ¢)]
4R dl dz [ + (9/D)% — 29/l cos(y — )]
The first integral gives the downwash in the rotor plane
outside a vortex cylinder extending to infinity from the rotor
plane and is zero for I'y.  This, however, is not the case when
T varies with time (azimuth), and the independence of blade
elements is not, therefore, as readily proved for this case.
Integration with respect to ¢ may be performed, when T
has the form I',e™#, by change of variable, y = ¢!¥=%) and
application of the theorem of residues. The result is

Qeimﬁ
R W [”ﬂ) dl "U)< ) -
1d 7\
w [ ST (z_> dl]

Similarly, the contribution of the shed wake may be obtained
as

_ Qe = i
ws = Sﬂ)\oR[ f ro” dl+n1r f I‘,.(l)l_ldl]

To these must be added the contribution of the tip vortex:
wy, = (Qe™¥/SwNR)7T' (1)

With T, = 2wbQRZ~,l, the integrals may be evaluated
by integrating term by term (I < 1). The result is, for the
nth harmonic of downwash,

=g [P | =

The downwash at % thus depends only on the circulation at
n, and the lift deficiency function is the same as that previ-

’LU1(¢77])

dedldz

wi(¥,m) =

dedl
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ously obtained. For example, if the variation in downwash
¥+ is obtained by a pitch variation of the form 6 = 8,9,
then the instantaneous circulation is

. = 20Qrb[0,,17 — Aa/7)]

or, since ! and 7 are interchangeable variables,

20 = Oyt — = Z Ve
r=0

and v,/6.. = 1/[1 + (ow/4)e)] as before.

This reduction in circulation due to the wake is of particu-
lar importance when it is desired to use a rigid or semirigid
propeller as a control device by use of a first harmonie cyelic
pitch variation. Since small stiff propellers suggest high
disk loadings, C'r will be high or, alternatively, downwash
Ao is high, and appreciable reductions in moment over those
predicted by quasi-static aerodynamics will result.

For example, consider a rotor/propeller with a disk load-
ing of 25 psf, a tip speed of QR = 700 fps, and operating at a
mean angle of attack of ar = 0.1 rad. Then Cr = 25/
pQ2R? = 0.0214 and C = 0.49, resulting in about half the
moment predicted by simple blade element theory. Evi-
dently, a similar result will occur following rapid increase of
collective pitch of a control rotor, resulting in a lag in thrust
which may become of importance if high-gain automatic
stabilization equipment is installed.

The preceding analysis has been developed with the usual
assumption of a rigid wake. The effect of this assumption
may be seen by deriving the same result from consideration
of simple momentum and blade element theory.

From momentum theory, for uniform steady inflow and a
superimposed periodic thrust change, T,.¢®¥ = 2 X mass flow
throughrotor X w.e™% where w,is the velocity change through
the rotor disk due to T',.

Considering mean velocity only, wy = AR, in determining
the mass flow,

T, =2 X prR? X MR X MR or Cr = 2N\,

From the blade element theory for uniform flow through
the rotor and periodic change in pitch, #.7%,

Cren® = (o7/2)(8, — \,)ein®

and with Cr,, = (o7/2)0,, Cr,/Cr,. = 1/[1 + (o7m/4N)],
asin the vortex theory.

If, on the other hand, the periodic thrust were to be com-
puted using the nonrigid wake concept of vortex theory
[Eq. (4)], then A, would have to be included in the computa-
tion of mass flow.

Three-Dimensional Solutions in Forward Flight

Near Shed Wake: T'yS

Having established the validity of the proposed approach
and obtained an analytical solution for the limiting case of
vertical flight, it is possible to proceed with some confidence
to the solution for the three-dimensional rotor in forward
flight. The treatment of the near wake will be considered
first, and in particular the near shed wake, since this wake
introduces the important singularities of classical unsteady
aerodynamic theory. The method of solution presented in
the Appendix may be followed directly if the curvature of
the wake is neglected as in Ref. 14 and, furthermore, if the
blade is treated as a two-dimensional airfoil in the presence
of an element of vorticity yd&* at £* from the origin. The
considerable simplification in the analysis resulting from the
latter assumption appears justified on the basis of the re-
sults of Ref. 14, in which close agreement was obtained be-
tween the two-dimensional and three-dimensional solutions.
This approximation is clearly inadmissible when treating the
far wake.
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The circulation due to the near wake may then be deter-
mined by assuming the straight near wake to extend aft of
the blade to infinity. Following the treatment in the Ap-
pendix and integrating over the near wake for all vortex
elements results in an expression for the bound circulation on
the blade due to the near shed wake:

ALt P

To this must be added the circulation due to the far wake.
Additional circulation arises from the velocity u of Eq. (2),
which will be designated as the quasi-static circulation T, =
—27bu.

For a symmetrical blade spacing and when the frequency
of oscillation is an integer of rotational speed, the effects on
one blade of the bound vortices from the remaining blades
are zero for the case of I'y and when # is equal to or a multiple
of the number of blades. This is not otherwise true. How-
ever, unless a very large number of wide chord blades are
used, the effects of the bound vortices on each other are
negligible and may be ignored. This may be readily verified
from Eq. (6), as discussed in determining the choice of upper
limit in the integral (11).

Since we are concerned here with harmonic blade loads and
motions, the blade bound circulation T', will be defined as

I(y) = ZO T'9s,sinn + T'aey cosnQl 9)
ne
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The coefficient nb/yR appearing in the solution is the well-
known reduced frequency % specialized to the case of the nth
harmonic of rotational speed at the blade station 7 in ques-
tion. The integrals, first computed numerically in Ref. 21,
may be identified as

I. = (0/2)(Yo + Ju) cosk — (w/2)(Y, — J,) sink
= (1/2)(Yo + J)) sink — (r/2)(Yy — Jo) cosk — (1/k)

Far Shed Wake: I's°

The far shed wake will be treated by neglecting the chord-
wise variation of velocity along the airfoil chord due to the
wake. Since the primary effect of the wake appears as the
blade passed over the shed or trailing vortex line generated
by itself or by another blade, and since the distance of these
vortex lines below the blade may be of the order of one chord
length, the validity of the assumption may well be ques-
tioned. However, the analysis of the equivalent assumption
for the two-dimensional case just given for comparison with
the exact solution obtained in Ref. 1 indicates that the as-
sumption is certainly valid, at least for the reduced frequen-
cies of interest in rotor blade loading analysis.

Setting « and x equal to zero in line with the preceding
assumption, it is possible to perform the integration of Eq. (6)
with respect to I for the case where \ is constant and to obtain
the contribution of a vortex line extending from 0 to I. This
integration may be performed with the aid of formula 167
of Ref. 26, giving the result

[+ dcosp — ncos(y — @)

1 { nsin(y — ¢) + dsing [
R |22 [

dwe(Y,¢p) = — + [nsin(y — ¢) + d sing]?

24+ 92+ 22+ d? — 29l cos(¥—¢) + 2dl(cos¢p — n cosy) V2
d cosp — 7 cos(yYy — @)

ar
[n?+ 2%+ d* — 2nd OOSM“Z]} d¢ @ =

where the trigonometric rather than the complex form is
employed in keeping with the more usual practice in rotary
wing aerodynamics.

The distortion of the near shed wake vorticity distribution
due to the first harmonic variations of forward velocity will
be neglected, and hence the relationship for velocity is d£*/dt
= QqnR. The shed vorticity in the wake may be related to
the time rate of change of blade circulation [Eq. (3)] as

v(§)de* = —(d/d)Tudr
whence, since  is constant,

1 d

v(§) = — @ o Iy = Ty, sinni

n
— — > Ty cosnt —
7k 0

An element of shed vorticity in the wake may then be identi-
fied with the position of the blade trailing edge b at the time
of its shedding, ¢ — Af. Now ¢ = ¢/Q, and At = (§* — b)/
QqR; therefore,

v = 7»2::0 - f}-ﬁ {Fm, cosn I:tlf - nb—R (&£ - 1)j| -
T, sinn l:¢ — VI% (¢ — 1):‘}
Substituting in the integral for I'y*s results in
Tas(y) = — % {[Toe; cOSBY — Ty sinnyp i, —
[T, sinny + Ty, cosny I} (10)

(™| AL
L= [ cost (& 1)[(52_1)1/2 1]ds

I, = f]”sin;% (t—1) [(Sfj 1)1/2 - 1:| dt

where

1 ar
LRI gy e (D)

The total downwash at the blade at any station » and
azimuth position ¢ is obtained by integration over the far
wake over m spirals:

2amApt+i—(x/2) 1 dr
vt R g(¢) %qu

The choice of the upper limit in the integration must be made
with some care. Defining the end of the far wake at an
azimuth angle w/2 from the blade appears to be reasonable,
and little error is involved if this angle is varied from w/2
to 3w/2 or decreased to w/4. Evidently, this choice must
be made on the basis of blade and rotor geometry; how-
ever, a simple integration of Eq. (6) for the case 2 = d = 0
and ¥ — ¢ varying from 0 to /2 or greater will generally
clearly indicate the desirable choice of upper limit.

Asin the case of the near wake, elements of vorticity in the
far wake are identified with the position of the blade at the
instant of their shedding and in terms of the time rate of
change of bound circulation, whence, from (9),

ar id

ié n;() N [Tns; COSNG
When the bound circulation varies appreciably over the span,
the actual circulation may be represented by a series of
straight distributions extending from zero to various spanwise
locations [.

Substituting in the integral for ws,

f27rm+l//+§' /2
Z 47R

Wy = —

T'e; sinng)

[Tss; cOSR —

T, sinnglg(¢)de

which may be written in the form

© n ©
" Ry R

[Fnsz(Anczk COS]C\& + B,wlk smkzﬁ) —
Taci(Ans)® cosky 4 Bag* sinky)] (12)
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where the coefficients A and B are obtained from harmonic
analysis with respect to ¥ of the results of numerical evalu-
ation of the integral over the wake for m spirals at values of
Y from 0° to 360°. A,.* identifies the cosine coefficient of
the kth harmonic due to 4 cosn variation of bound circulation
extending from 0 to [, and similarly with the remaining
coefficients.

Trailing Wake: TI7

A treatment for the system of trailing vortices using Eq.
(4) similar to that used for the far shed wake results in

L | 2rm+y+¢ s
w = 2; n§0m qu—H [Ty, sinn e +
Pnc COSth]f(¢)¢)

whence

©

1 hd .
wi=32 in ,EO [Ts(Post? coshiy + Qe sinkyy) +

1 n=0
Fncl(Pnch COSkll/ '+‘ anlk Smk¢)] (13)

where [ now identifies the spanwise blade station from which
the trailing vortex is assumed to originate.

Determination of Blade Circulation and Lift

Substituting the expressions for w; and w. in (7) results in
an expression for the bound circulation on the blade induced
by a wake generated by changes in this bound circulation.
The total bound circulation on the blade may now be obtained
as

Ty =Tx8 +Tps +T7+ T, (14)
where T, is the quasi-static circulation, previously defined as

that which would oceur in the absence of any wake effects.
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Fig. 6 Spanwise distribution of harmoniec downwash
coefficients at blade due to wake of constant strength,
n = 0. Transition flight regime.
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In order to obtain I'y, it is necessary to define the blade
motion. This motion may consist of contributions from
all of the blade normal modes, and in cases where the blade
is operating close to resonance the dominant mode should be
included. For the purpose of illustration, a rigid nontwisting
blade flapping through the angle 8 will be used operating at
a pitch setting 6(%), which includes the built-in twist. Then
% is uniform over the blade chord and is given by

u = —QR[(n + psing)8(n) — (18 + uB cosy)]

From (7), it follows that I'; = 2xbu. The contribution of
the near shed wake is given by Eq. (10), which may be
written in the form

Ty = — > (TCs + TaeSy) cosny +
n=1

(TasSn — T'nelh) sinny

where C, = Ik, S, = Ik, and k = nb/yR.

The contributions of the far shed wake and trailing wake
may be expressed in terms of the total downwash normal to
the tip path plane expressed nondimensionally as

A = [(w + wy)/QR] — u tand (15)

where ws now contains ohly the far shed wake and ¢ is the
angle between the tip path plane and the relative wind, posi-
tive nose up. Then, from Eq. (7),

T'T 4+ I'pS = —2xbQRN
If the flapping angle 8 is expressed as

B =a — D, a,cosny + b, sinny
n=1

and the bound circulation and inflow A\ are defined in the
series form given by Egs. (9) and (5), then equating coeffi-
cients in Eq. (14) results in an expression for I'.. At this
point, a nondimensional form of the circulation will be intro-
duced and defined as

Yo = I./200QR
Then, in nondimensional form,
(0 — Xo — (u/2)an] !
Ve = [pf — Mo — ap + (W/2)b] —
(1S — 71Ch)
Yie = [—Aw + by — aop + (u/2)a] —
(v1:C1 + 7S b (16)
Yas = [~ Ans — 090 + (4/2)(brps + baa)] —
(YnsSn — ¥neCl)
[—Ane + n9bn + (0/2) (@1 + Gnr)] —
(YsC + YnoSn)

The lift, after summing over the entire wake, may be ob-
tained separately, for the near wake, from (Al2) in the
Appendix and, for the far wake, from (8) in the form

L(n) = pVb [ [yd&/(£2 — 1)V)] +
pV(I'T + TpsS + T'y) + pwib?
which, after the identification of v(£) with the blade position

at the time of its shedding, as was done for the circulation,
becomes

L(p) = —(nb/nR)pV [Ls cosny — Ty, sinny ]I/ —
(nb/qR)pV [Trns sinny + Tl cosny ]I +
pVILT + Tps + Tyl + pwsb2 (17)

2
o
li

Yne
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where, with & = nb/nR as before,
S © . nb i
I/ = fl qu_ﬁ{ (£ —1) =

32[ Jo cosk + g Yo sink

P AL N N S
I = fx COSnR (-1 CEn

;IJO sink — 72£ Y, cosk

That Eq. (16) reduces to the classical case for a two-dimen-
sional airfoil may be readily verified by letting I'T = I'p$ =
0 and expressing the circulation in complex form:

T = T.ein¥ T, =T, ¢
Then, with T\, = T', T'se = 2T, we obtain from (10) and (14)
T, = —dkl.JI. — i)+ Ty,

. o g EF1
= —kl, I:L Gk(l £ (‘5'2 — 1)”2 dé -

e | e‘““fdfj + T,

(" e EF1
Pn=Pqn/lkekL e kfwdf

Similarly, with L = L,.e"% from (17),
L, = —tkpVT,[I." — <l,'] + L, + pwib?

or

—ik§

= —ikpV T f v At + Lo, + pmsb?

SNCEEE
Since L,, = pVTy,, it follows that

_ . Ee— ikE
“““{ﬂ @-nmET

o (£ 4 L)e—ik .
j‘l *(52!_“1——‘)1/—2 df + 7 pzb2
The coefficient of L,, may be readily identified as the lift
deficiency function C(k) of Ref. 17.

Blade Flapping Coeflicients

The blade displacements are obtained from the blade
flapping equilibrium equation

(5 +6) = & [, sLwar

where the flapping hinge offset has been assumed to be sub-
stantially zero. The effect of the offset is not large unless
the blade Lock number is low and the offset appreciable.
The coefficients a., b, decrease rapidly as » increases, and
consequently the lift may be approximated for the purpose
of determining a,, b, by its quasi-static value [Eq. (8)]

L(n) = pVTo(n)
or

102 <gz + ﬂ) = 2wpbRQ? J;l (n + psiny) X

[’Yo + Zl Yns SIDRY + Yne cosmﬁ]n dn
=

The mass constant or Lock number of the rotor blade is

LN = 2pwbRY/T
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Fig. 7 Spanwise distribution of harmonic downwash
coefficients at blade due to wake of constant strength,
n = 0. Cruise flight regime.

where the designation LN is used in place of the more usual
v in order to avoid confusion with the circulation.

After solution of the differential equation for the particular
integral representing steady-state flapping motion, the co-
efficients of the Fourier series for blade motion are cbtained as

_ LN
2(n? — 1) Jo

LN 1 7]
ba = m 0 {7727m =+ Eﬂ['Y(n—l)c - 7(n+l)c]}d"l

an =

1
{nzync + g 77[7(7»4—1)3 - 'y(n—l)s]}d’n

(18)

All relationships necessary for the determination of the
blading loading have now been established.

Numerical Results: Transition Flight Regime

In order to examine the nature of the induced flow through
the rotor in forward flight, Eqs. (4, 6, and 11) were pro-
gramed for numerical integration on high-speed digital
computers (IBM 709 and 7090). Such solutions are, of
course, specialized, but several general conclusions can be
drawn from the results, and the feasibility of computing air
loads by the method just described can be determined.

Before proceeding with the complete solutions, several trial
runs were made to determine the number m of spirals and
intervals in both ¢ and Y required for an accurate prediction
of the harmonic content of the wake up to at least the sixth
harmonic. The number of spirals was varied from m = 3
to m = 12 and the interval sizes from A¢ = AyY = 2.5°
to 20°. A satisfactory compromise was found to be three
spirals and intervals of 7.5° in the far wake and 2.5° in the
near wake, giving a solution time on the 7090 computer of
approximately 0.5 min for the downwash at one spanwise
location due to one blade wake and for one harmonie.

In Figs. 6 and 7 is plotted the harmonic content, up to
the sixth harmonie, of the downwash at the rotor generated
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by a tip vortex of constant strength for two values of u cor-
responding to transition and to cruise flight regimes. Unlike
the fixed wing, a rotor blade is highly loaded at the tip, and
many of the basic characteristics of the downwash may,
therefore, be determined by examining the effects of the
powerful system of trailing vortices shed over the outer few
percent of the blade span, a system adequately represented
by a single tip vortex of strength equal to the mean blade
circulation.

Considering first the transition case u = 0.1, it is evident
from Fig. 6 that the steady-state value of downwash is sub-
stantially constant over the disk and that the initial assump-
tion of constant Ty is satisfied. Of considerable interest is
the pronounced first harmonic variation in downwash gener-
ated by the tip vortex which, at low advance ratios, will
produce an upwash at the leading edge. The existence of this
first harmonic variation in downwash was first predicted by
the theory of Ref. 4 and demonstrated by the flight test
observations in Ref. 22 and the wind-tunnel tests of Ref. 23.
In forward flight, the spiral formed by the tip vortex is dis-
placed aft, and, since the velocity field outside the spiral has
a vertical component, all points ahead will experience an
upwash. Evidently, the assumption of uniform inflow is
violated, and a further cycle is necessary before the downwash
can be defined with any accuracy. Before this can be done,
it is necessary to relate the downwash characteristics to a
particular flight condition and rotor configuration, in par-
ticular, to the total inflow through the rotor. This not only
consists of the downwash, that is, the velocities induced
at the rotor disk by the wake, but also contains components
of the forward and climbing velocities. Although the curves
of Fig. 6 are specialized to a particular total inflow of Ay =
0.05, to a three-bladed rotor, and to a forward flight of u =
0.10, they are otherwise generalized and will fit a wide vari-
ation of rotor attitudes, thrust coefficients, and solidities.

Since the wake is generated by the blades, the inflows that
have been computed are those relative to a particular blade,
and, if, the higher harmonic motions of the blade above the
first are ignored, a valid assumption and certainly well within
the limitations of the assumed wake geometry, then the in-
flows plotted are those perpendicular to the plane containing
the blade tips or the tip path plane. The steady-state values
of XA and u which appear in the solutions should therefore
be computed on this basis. It should be noted that the bulk
of published rotor information uses the control axis as refer-
ence; however, the conversion from one system to another
involves only minor corrections and is readily made. For a
discussion of the different reference axes, see Ref. 28.

The induced flow w is directly proportional to the strength
of the tip vortex. The steady-state component due to a
steady state tip vortex I'y is, from Eq. (13),

wi/QR = Noi = (b/2R)voPo°
Hence, from Eq. (15), the total inflow is
Ao = (b/2R)v,Py® — u tant

Now Py° is a function only of Aq and the number of blades
used; consequently, the numerical integrations from which
Py%is obtained may be used to represent any desired combina-
tion of rotor solidity, represented by b/R, and circulation
o, determined in turn by the collective pitch setting 6.

For example, consider a helicopter climbing out at an angle
of incidence of ¢ =~ —15° or, alternatively, accelerating
through transition with this tip path plane inclination.
These would be typical operational flight regimes at advance
ratios of the order of p = 0.1. The induced flow is, then,
for Ao 0of 0.05,

kOi = )\0 + M tani = 0.023

The corresponding rotor thrust coefficient is, for constant
bound circulation,

Cr = (e7/2)70
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The rotor configuration must now be defined. Selecting
a solidity of ¢ = 0.07 defines b/2R = 0.0183. From Tig. 6,
the mean steady downwash coefficient is Py ~ 28 whence

vo = (oi/Pod)- (2R/b) = 0.045 and Cr = 0.00495

Using the approximate momentum relations for forward
flight suggested by Glauert would give

r = 2N + p tant)(Ae? 4 p?)¥? = 0.005

and evidently this approximate relationship is in good agree-
ment with the vortex theory developed in this paper.

A correction will now be introduced in the numerical solu-
tions for the first harmonic variation in downwash. The
tip vortex will be assumed to descend with the steady and
first harmonic inflows occurring at a representative tip
station; zin Eq. (4) must then be multiplied by Ao 4 A; cos¢

or by
Py u tany }
Ao [1 + Py <1 + N > cos¢

instead of simply Ae. For the conditions selected, and using
Py1/ Py of 1.12 from Fig. 6, the result is

M Potf | utang
}\O_P00<1+ » >_o‘5

The effect of introducing this correction is indicated in Fig. 6.

If, instead of accelerating or climbing out through transi-
tion, a helicopter is required to maintain steady flight in this
regime, then an interesting and highly significant phenome-
non occurs which may be described as a tendency for the
rotor to suck up its own wake into the leading edge of the tip
path plane. Evidently, if 4 is small or even positive as would
occur in a flare, then the ratio A\;/Ao may approach or exceed
unity, and the blades will pass through their own wake.
When this occurs, large higher harmonic components in inflow
can be computed, indicating large local variations in angle of
attack. Such computations are, however, quantitatively
meaningless, since all of the basic assumptions of the mathe-
matical model employed are violated. For example, the
concept of ideal fluids with lines of vorticity having infinite
core velocities would have to be replaced by a core structure
determined from viscous flow considerations. Single vortex
lines should also be replaced by a more realistic drop-off of
circulation at the blade tip. Also, the blade itself can no
longer be replaced by a lifting line, since the far wake in the
vieinity of the leading edge has now very definitely become
a near wake, and the more exact treatment reserved for the
near wake must therefore be used for the entire wake. - How-
ever, even without the introduction of such refinements, it
is possible to draw some important qualitative conclusions
from the results of the simpler analysis.

Following an analysis similar to the one just given, con-
sider a rotor operating at an incidence angle of —5°. Under
these conditions, using as a first trial the values for Ai/\, =
0.5 obtained previously, a new estimate for A;/Ag of Ay/Ag ~
0.9 is obtained. A recomputation for the downwash using
this value of A;/Ag results in a new value, at n = 0.95, of
M/Ne = 1.28. Evidently, as the leading edge of the spiral
approaches the leading edge of the disk, the upwash is intensi-
fied and a mildy unstable condition exists in which the wake is
drawn up into the leading edge of the rotor disk. This
phenomenon is believed to be of considerable qualitative
significance and, to a large part, accounts for the roughness
in transition and flares experienced on most helicopters and
the characteristic noise generated by rotors under conditions
of wake interference. Many methods of alleviating this
condition may be envisaged, for example, insuring as gradual
a drop-off of circulation at the blade tips as possible without
unduly sacrificing performance in order to reduce the intensity
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of the tip vortex. This may be done by moderating twist.
* Operationally, of course, the phenomenon may be greatly
reduced by a climb-out or high acceleration through transi-
tion, a. maneuver that will not always be possible. On tandem
configurations, the possibility exists of using tow-out of the
two tip path planes such that the front rotor provides most
of the propulsive force, thereby operating at high inflows.
The rear rotor, operating in the downwash of the front rotors,
presents a lesser problem. As shown in Ref. 24, the transi-
tion vibration characteristics of a tandem configuration may
be widely varied by adjustment of stagger and overlap.
Finally, the experimental results in Ref. 23 showed the
marked reduction in the first harmonic inflow variations
which occurs when the rotor is allowed to carry a moment
at the hub. This is because the blade no longer equalizes
lift around the azimuth and I'; becomes appreciable, thereby
producing g first harmonic downwash reducing the first
harmonic upwash arising from v,. In practice, carrying large
rolling or pitching moments produces high cyclic loads in the
rotor system with attendant weight penalties. Furthermore,
large offset of the flapping hinge with low blade Lock numbers
is required, since the blade cannot be stiffened structurally
sufficiently to prevent elimination of most of the cyclic lift
change by elastic flapping. A discussion of this phenomenon
is given in Ref. 25, together with estimates of the rolling
moment as a function of the stall alleviation resulting from
the cycle lift variations.

Determination of Rotor Loads

The computation of the rotor loads corresponding to the
downwash variations just discussed is an involved process
because of the necessity of satisfying the blade equilibrium
equations. This becomes increasingly involved when the
blade is close to resonance with one of the harmonics, a condi-
tion that is difficult to eliminate on present-day rotors.
However, as discussed previously, experience with the solu-
tion of similar problems in the past and the results of the
present computations indicate that the following simplified
procedure may be used for computing blade loads.

First, trim requirements on single-rotor aircraft or struc-
tural requirements on multirotor aircraft dictate low first
harmonic lift variations. This is achieved automatically by
flapping on articulated rotors or by cyclic inputs on semi-
rigid rotors. Consequently, v; will always be small and its
contribution to the harmonic content of the wake negligible,
even though A;. is large. The lift alleviation by flapping de-
creases as the harmonic increases, as is evident from Eq.
(18). However, the remaining wake harmonics are also small,
always excepting the condition of wake suck-in at the leading
edge. Consequently, their contribution to the harmonic
content of the wake will also be small compared to that of
the steady vortex lines due to .. The wake structure is,
therefore, dominated by the character of the steady-state
circulation on the blade which produces the mean thrust,
and the downwash produced by its vortex pattern will not
be sensibly changed by the resulting harmonic lift changes
on the blade. In computing higher harmonic air loads, it
may, therefore, be assumed that the blade is subjected to an
angle of attack established by the downwash due to v,, and,
once this has been determined from consideration of its wake
alone, no further iteration is necessary. In the case of har-
monics above the second, it will be generally found that the
blade motions may be neglected, always excepting the case
of resonance, and the higher harmonie lift distribution com-
puted from the angle-of-attack distribution given by the
induced downwash of Eqs. (4).

The effect of the shed wake and time variations in the trail-
ing wake strength may then be introduced, which will result
in a further reduction of the effective lift curve slope in the
presence of higher harmonie inputs, or an effective lift defi-
ciency function.
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Lift Deficiency Function in Forward Flight

Tt is of interest to examine the order of magnitude of C(k),
the lift deficiency, in forward flight for harmonic lift vari-
ations, and to compare the phase shift resulting from the
spiral form of the wake with that occurring in the two-
dimensional case. As a model, a harmonic variation in blade
bound circulation will be assumed to be invariant with span,
a condition somewhat approximating the test techniques
employed in Ref. 16, in which the hub was displaced har-
monically. All interharmonic coupling will be neglected.

For = 0.80,b/R = 0.05, and n = 3, the reduced frequency
ismb/qR = 0187 and I, = 2.95,1, = 1.29,1.) = 2.05,1,/ =
1.21.

Considering only the shed near wake, from Eq. (16), the
circulation deficiency (which is somewhat less than the lift
deficiency) is ’

730 1 + S
= —————— = (.675
Yaeq CPAH (1 +8)2
and
L Y

'y3cq — 1 + S 730q

where <ys., is the “quasi-static” circulation and may be repre-
sented, for example, by the terms in brackets in Eq. (16).

The lift deficiency function for this case is then, from Eq.
a7,

Lc 8 1
e I:—k]c’ REIY S 1] = 0.734

pVI‘scq Y3eq 730,1
Ly, I: Yse ’Ysc:]
- = |kl  — —kIs— | =0.19
pV T4, Yseq 5 Y3cq

These values are readily verified as being the values for the
conventional lift deficiency function of Ref. 25 for k =
0.187.

To this lift deficiency will now be added that due to the shed
far wake. From numerical calculations of Eq. (11) and for
p = 010, A3® = 0.57, B3 = 3.39, 4;3 = —2.73, and
Bs3® = 0.55. The coefficient nb/2R is 0.075 for the param-
eters just assumed, and Eq. (12) then gives, for the shed
far wake only,

Ase = 0.043 v5 + 0.205 73,
)\33 = 0254 Y3s — 0041 Yse

Since all interharmonic coupling has been neglected, a legiti-
mate assumption when one harmonic predominates in the
input, the circulation deficiency may now be computed
directly from Eq. (16) with the preceding values of A;, and’
Ass substituted on the right-hand side.

The result is

Vso/ Y3og = 0.596 Yas/ Yoy = 0.234
The corresponding lLift deficiency function is, from Eq. (17),
Ls./pVT5, = 0.734 — 0.043 X 0.234 — 0.205 X

0.596 = 0.602
Lss/pVTs, = 0.19 — 0.254 X 0.234 + 0.041 X
0.596 = 0.155

The effect of the trailing wake will now be considered. For
the conditions chosen, P;.3 = 6.07, @53 = 2.51, Py¢ = 242,
and @3 = 6.78.

Proceeding as before for the shed wake, Eq. (16) for the
third harmonic components yields, for the complete wake,

Y _ 0.570 T3 _ 0.186
V3eq Yscq
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Fig. 8 Comparison of computed and experimental down-

wash ([.l. = 0-3, )\1/)\0 = 0.4).

The corresponding lift deficiency function is, from Eq.
(17),

Lso/pVTy, = 0.602 + 0.06 X 0.186 — 0.152 X

0.570 = 0.525
L3 /oVTs = 0.155 — 0.170 X 0.186 — 0.06 X
0.570 = 0.090

It is apparent from the foregoing that the near and far
wakes contribute about equally to the lift deficiency, or re-
duction in slope of the lift curve, for the representative condi-
tion chosen.

It is of interest to compare the lift deficiency at u = 0.1
just obtained with that predicted from the simplified hover-
ing solution in closed form. The numerical computations
at a given u required definition of A, @, and b/R only. The
corresponding value of h is

h = 2rRA 2w X 0.05 2x¢
Qb 3X 0025 3

and the lift deficiency function is, then, from Eq. (14),
/1 + (w/R)] = 0.40

Harmonic Content of the Downwash in
Cruising Flight

In Fig. 7 are plotted the harmonic contents of the wake at
w of 0.3 due to the tip trailing vortex system for various har-
monics. Of interest is the pronounced phase shift as evi-
denced by the relatively large sine components of downwash
compared to the results at u of 0.1.

Of particular interest is the persistence of the higher har-
monic content at the higher advance ratio. At the lower
advance ratio (Fig. 6), the higher harmonic induced flows
are of the order of 209 of the steady-state induced flows. At
the higher advance ratio (Fig. 7), the mean value over the
blade span of the steady-state component of the induced
flow has been appreciably reduced, as indicated by a com-
parison of Py® from Figs. 6 and 7. This is as might be ex-
pected, since it is well known that, for a given lift, the in-
duced flow decreases with forward speed. However, con-
trary to previous expectation, the higher harmonic com-
ponents of induced flow have not been appreciably reduced,
and, hence, the vibration level and also the blade fatigues
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stresses due to nonuniform downwash are not alleviated with
inereasing forward speed.

In Fig. 8, the downwash before harmonic analysis has been
plotted against azimuth and compared with the experi-
mentally determined downwash of Ref. 23. The two rotors
are not strictly comparable; in particular, the rotor of Ref. 23
operated at appreciably lower inflows A, than have been
assumed here. However, at advance ratios of p = 0.3, the
effect of z, and hence N\, may be expected to be small com-
pared to the effect of d, and hence y, and the two results should
be comparable, at least as regards distribution of inflow with
respect to azimuth and span. Such a comparison can be
made if both results are normalized at some azimuth position.
¥ = 0, close to the point of a maximum downwash, has
been selected for the common value. The agreement is
excellent, and it may, therefore, be concluded that, as far
as the lower harmonics are concerned, the mathematical
model chosen for this analysis is adequate. The higher har-
monics were attenuated in tests of Ref. 23, and consequently
no direct comparison is possible between theory and experi-
ment.

Conclusions

1) The nonuniform downwash induced at the rotor disk
by the wake vortex system has a sufficient amount of higher
harmonic content to account for the higher harmonic air
loads encountered on rotor blades in forward flight. This
higher harmonic content does not decrease with forward
speed, as does the steady-state component of downwash.

2) The analysis and interpretation of the results are con-
siderably simplified by dividing the wake into a “near”
wake extending from the blade to approximately one-quarter
of the disk aft and a ‘“far” wake containing the rest of the
spiral. The higher harmonic content of the downwash is
due almost entirely to the far wake and particularly to that
portion passing under the blade and generated either by itself
or by another blade.

3) It follows from the previous conclusion that the har-
monic air loads will be sensitive to the vertical spacing of
the wake, and consequently it is necessary to introduce the
concept of a nonrigid wake, particularly in low-speed transi-
tion flight or under any condition where the wake spacing
is reduced such as in a flare. Under these conditions, the
wake could be sucked up into the leading edge of the rotor
disk, and it is believed that this is most probably the source
of transition roughness and of the characteristic rotor noise
encountered under certain flight regimes.

4) Unsteady aerodynamic effects are of considerable im-
portance for the rotor because of the proximity of the return-
ing wake to a blade. Analysis of these effects for the three-
dimensional rotor is appreciably simplified if the far wake is
treated using lifting-line theory, and lifting-surface theory is
used only for the near wake. The validity of this approach
has been demonstrated by comparing the equivalent treatment
of a two-dimensional model of the returning wake system
with a treatment using lifting-surface theory for both the
far and near wakes. )

5) In hovering flight, a simple closed-form solution is ob-
tained for the reduection in lift due to unsteady aerodynamic
effects by proceeding to the limiting case of an infinite
number of blades. It is shown that, for normal rotor or
rotor/propeller operating conditions, the harmonic lift
generated by a cyclic change in blade pitch would be less
than half that indicated by simple quasi-static theory, and
that this reduction in lift is substantially independent of
frequency.

Two-Dimensional Solution for
Oscillating Airfoil

Appendix:

The following very brief analysis is included in order to
relate the treatment of the nonstationary flow effects con-
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tained in this paper to the classical analyses in the literature.
Chapters 5 and 7 of Ref. 20 contain a complete development
and review of both the two- and three-dimensional cases.

If the chordwise vorticity is represented by the series

(@) = 4o tang + > A, sinng (A1)
n=1

and the distance from the center of the airfoil to a point aft
on the airfoil is given by z* = b cos6, then the induced flow
at z* due to an element of vorticity on the airfoil at % is

do(z) = y(n)dn/2a(@* — n) (A2)

positive down, which, when integrated from —b to 5, gives®
v(x) = %0 + > %’ cosnf (A3)
1

Assume now that the airfoil is moving with velocity V and
has a velocity perpendicular to its surface u{z) (positive
down) at station z resulting from the angle of attack o (posi-
tive nose down) and the vertical velocity at the center of
twist 2 (positive down). If the center of twist is located a
distance ab aft from the center of the airfoil, then

wz) = aV — &2+ (x* — ab)&

Every change in circulation associated with these motions
results in an element of vorticity yd£* being shed at the trail-
ing edge whose strength is equal and opposite to the change
in bound ecirculation. Thus, yd§* = —dI%, where £* is
the distance of the element of vorticity from the center of the
airfoil, dimensional when starred. The velocity at the air-
foil perpendicular to its surface induced by yd&* is, for the
sign convention of Fig. 3,

w(z) = —yd&*/2m(E* — z*) (A4)

In the linearized solution the boundary conditions on the air-
foil require that, for each element of vorticity in the wake,

v(z) + ulzx) + wkx) =0 (Ab)
or
do S ol + [V — & + @ — ab)a] —
2 7472
ydg* _
g — a9 0 AV

The Fourier coefficients 4, may be readily determined with
the aid of Ref. 27, Table 63, formula 12, p. 99, from which is
obtained

= cosnf _ow[E = (£ = D
fO ¢ — cosd d6 = (A7)

(8 — D
whence
Ay
An _ ydE [E— (& — D]
2" r T (-1

The incremental lift and moment on the airfoil due to the
instantaneous displacements and in the presence of the flow
field generated by vd£* may now be computed for the vortex
pair consisting of ydf* and dI'y on the airfoil, postulating
that these are the only two elements of vorticity existing in
the system. Bernoulli’s equation extended to unsteady flow
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gives the pressure difference on the upper and lower surfaces
as o

(Pu — P1) = —2p[(0¢/0t)(x) + V(0¢/0z*)(x)] (A9)

The second term includes the quasi-static effects arising from
the instantaneous airfoil geometry, and the first term ac-
counts for the time rate of change of velocity perpendicular
to the airfoil, including apparent mass effects and those
arising from the nonuniform velocity w(z) at the airfoil due
to vdé [Eq. (A2) and Fig. 3]. Therefore, when replacing
the blade by a lifting line, terms in d¢ /0t due to 0£/0t should
be dropped. When z £ 0, as in the far wake, 0¢/0f will
contain terms due to 2. However, in general, z << £, and its
effects have therefore been neglected, except as they deter-
mine the instantaneous vertical position of yd§ in the “semi-
rigid”’ wake solutions. .

The velocity potential, in terms of the distributed vorticity,
is

o@ = % [, vao*

whence
(0¢/0z*)(z) = 3v(x)
and :
% v _ 190 "
Y () 95 J - v(@)dx
The lift on the airfoil is
L-— [ ®. - P

and after substituting v(z) in the form given by Eq. (A1), the

lift is obtained in terms of the coefficients A4, as

dL = pwb{3(0/08) (4o — 34)b + (0/01) (4o + $41)b +
V(4o + 340} (A10)

The circulation on the airfoil is
dr = f _*:’ yda* = 7r<Ao + % Al)b (A11)

This is the lift and circulation on the airfoil at any instant
due to the element of vorticity yd{ in the wake and its
counter vortex on the airfoil, dI',. Since the rigid wake of
constant strength is assumed, this element of vorticity in the
wake has constant strength with time, or (0/0f)(vd§) = 0.
If the element of vorticity and the blade circulation dI'y are
to constitute a vortex pair, then

dl'y = —vydE*
and
(0/0t)dl' = (0/08) (Ao + 24:) = 0

which also defines the time history of airfoil motion required
so that in moving a distance £* after shedding the element of
vorticity ydé* no additional circulation has been generated
by the airfoil. Then

dL = prb{5(0/0t) (A0 — $A42)b + V(4o -+ 341)}
Differentiating the first term with respect to ¢ and noting
that 0/0t = (V/b) 3/0¢ results in
al = [pVyd&/(8 — 1)Y?] —

2wpVblaV — 2 + &(0.56 — a*)] +
om(Z — &V + o*&)b?

The first two terms represent the lift due to the vortex pair,
of which the second ferm is the ‘“quasi-static” lift L,.
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The third- term represents the apparent mass and damping
effects due to the noncirculatory flow. Integrating the first
term for the effects of all elements of vorticity which have
been shed from the start of the motion and leading to the
present instantaneous airfoil position,

® d
L = pV j; ﬁz + L, — pw(&V — & — a*&)b?

(A12)

Similarly, the total circulation acting on the airfoil is, from
(A11),

Ty = f1°° [(;_‘f‘ 1)1/2
&(0.5b — a*)]

and this must be equal and opposite to the total circulation

in the wake, or
Pb = - Lm 'ng

o £41 .
_fl (52 — 2 vd§ = 2mblaV — 2 — &(0.50 — a*)] =

:I vd§é — 2xblaV — 2 —

whence

L,
-y A1y

Combining Eqs. (A12) and (A13),
L =L, %X

@20 [ e L5

prb?(6V — £ — a*&)

If the displacements z and @ vary harmonically with time,
then L will also be of the form L = L and, as was done in
the body of this paper, the first term may be readily identified
as the classical lift deficiency function C(k).

The incremental moment about the center of twist acting
on the airfoil is

an = [P, = Py ~ boyi =

240 3. dA, 24,
J__ 2 =0
abdl b{b +bt4bt
V(24, — Ag)}

After substituting for the coeflicients A, and their time
derivatives,
pVb2ydg mpibt

AM = abdl, + o + TR

prV(aV — & — aba)b?

Adding dL from the previous analysis and summing up over
the entire wake gives

o fa — 0.5 .
M= —pvi [ (—%-_—1)—1/-2 ydE — pria¥ — 3 -
abalab® + p mab! — prV{aV — 2 — aba)b?

8
Substituting Eq. (A13) results in
M = LJa + 0.5) X

o §ydg £ydg = _vd§
L2 L2 [ ] ¢

oma(( + ab&)b® + prVa(0.5 — a)bd + ———x p1rab (A14)
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Examination of Eq. (A14) and the expression for L,,
Ly = —27pVb[aV — 2 + &b(0.5 — a)]

indicates that the forces and moments acting on the oscillating
airfoil may be resolved into the following components: 1)
a force acting at the 259 chord due to the angle of attack at
the 759, chord (rear neutral point) and multiplied by C(k);
2) a force due to the angular velocity & of the airfoil acting
at the 75% chord point and given by prVab?; and 3) a force
due to the apparent mass term, wpb%, acting at the center
of the airfoil, and a moment wpb*@/8. Identification of the
forces and moments in this manner {requently permits a
considerable amount of simplification in handling the aero-
dynamie coupling terms when &b(0.5 — a) << 2, as is generally
the case for helicopter rotor blades. This point is discussed
further in Ref. 3.
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